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We give a short proof using multivariate polynomials of inequalities of Delsarte 
and Frankl on codes with restricted distances. We extend these results to a 
sequence of inequalities on codes that includes inequalities on systems of sets with 
restricted intersections. © 1995 Academic Press, Inc. 
1. INTRODUCTION 
In the following, A will denote an "alphabet" of q dements, one of which 
is denoted 0. It will be convenient for our proofs to assume that A is the 
set of integers {0, 1, ..., q -  1}. The Hamming distanee d(a, b) between two 
words a = (ai, ..., an) and b = (bi ..... bn) in A n is the number of coordinates i, 
1 <~i~n, with ai¢bi. The weight of a word a = (a 1, ..., an) is its Hamming 
distance from 0 = (0 .... ,0), i.e., the number of nonzero coordinates. A q-arT 
code of length n is a subset C _c A n. 
The following theorem is a classical inequality of Delsarte [ 1, 2]. 
THEOREM 1. Let C be a q-arT code of length n. I f  the set of  Hamming 
distances d(a, b) that occur between distinct codewords a, b in C has car- 
dinality s, then 
,q ,1) 
i=0  
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The inequality holds with equality in case that C is the dual of a linear 
perfect s-error-correcting code. Theorem 1 is related to a theorem of Ray- 
Chaudhuri and Wilson [ 7 ]. 
TI-mOREM 2. Let cg be a family of k-subsets of an n-set. I f  the set of car- 
dinalities of intersections IA n BI that occur between distinct subsets A, B in 
cg has cardinality s, then 
Of course, we may consider the characteristic vectors of the subsets in a 
family cg of subsets as above as a binary code, and we will find that only 
s distinct Hamming distances occur between two distinct codewords. But 
the inequality (1) with q = 2 is not as strong as (2). 
Theorem 2 was proved before Theorem 1 and was part of Delsarte's 
motivation, though Delsarte's proof of both Theorems 1 and 2, in the con- 
text of association schemes, appeared first. In [4], Frankl and Wilson 
generalized Theorem 2 as follows and gave geometric applications. 
THEOREM 3. Let c~ be a family of k-subsets of an n-set and let p be a 
prime. I f  the cardinalities of intersections [A n B] between distinct subsets 
A, B in C lie in exactly s distinct congruence classes modulo p, no one of 
which is k modulo p, then the inequality (2) holds. 
For example, if ]A c~B] ~ {1, 3, 8, 9, 11, 14, 23, 31} for all distinct A, B in 
a family cg of k-subsets of an n-set, then ]~g[ ~< (~) by Theorem 2, but i f k -  0 
or 2 (mod 5), then Theorem 3 with p = 5 gives the stronger esult I~l ~< (~). 
Frankl in [ 3 ] gave a "modular version" of Delsarte's inequality that he 
used to prove a conjecture of Larman and Rogers. He proved the following 
theorem in the case q -- 2 (and the case q = 2 of the first part of Theorem 6
below). 
THEOREM 4. Let C be a q-ary code of length n and let p be a prime. I f  
the Hamming distances d(a, b) that occur between distinct codewords a, b in 
C lie in s distinct congruence classes modulo p, no one of  Which is 0 modulo 
p, then the inequality (1) holds. 
Of course, Theorems 1 and 2 are corollaries of Theorems 4 and 3, 
respectively (take p to be any sufficiently large prime). 
Frankl's proof of Theorem 4 involved matrices and Krawtchouk polyno- 
mials. We give another proof, an elementary one that involves multivariate 
polynomials and that allows us to extend the result to a statement that 
582a/71/1-11 
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includes all Theorems 1-4. Our  proof  is similar to that of the Larman-  
Rogers-Seidel inequality [ 6 ] on two-distance sets in Euclidean space. Also 
see Koornwinder [ 5 ]. 
2. RESULTS AND PROOFS 
TrmOR~M 5. Let Cc_A ~. Suppose that either (i) there exist integers 
dl, d2 .... , d s such that the Hamming distance between any two distinct mem- 
bers of C is an element of {dl, d2 ..... d,}, or (ii) there exists a prime p and 
integers dl, d2 ..... ds, none of which is divisible by p, such that the Hamming 
distance between any two distinct members of C is congruent to some element 
of { dl, d2, ..., ds} modulo p. Then 
i=0  
I f  in addition to either condition (i) or (ii) there exists an integer t <~ s and 
t integers w~, w2, ..., wt with w~ >~ s -  t + 1 for each i so that the weight of any 
member of C is an element of {wl, w2, ..., wt}, then 
(q 
i=s - - t+ l  
Proof For each integer a e A, let e(a, x) be a polynomial with rational 
coefficients in the indeterminate x so that 
e(a'b)={O1 ', if b¢a,b=a' 
for all b ~ A. For a E C, define a multivariate polynomial 
/=1  i=1 
(5) 
As a polynomial in xl ,  ...,xn, f ,  has the property that each term is a 
monomial  in which at most s distinct indeterminates x; enter. As functions 
from A ~ to the rationals, all f , ,  a s C, lie in the span of the Z~=o (q - 1 )i (~) 
monomial  functions in which at most s distinct variables xi enter and the 
exponent of each xi is at most q - 1; this is because if any indeterminate xj
occurs in term of fa(x) with exponent e > q - 1, we can reduce it modulo 
xj( x j -  1) (x j -2 ) . . .  ( xj - q + 1); 
NOTE 149 
that is, we can replace x] by a poynomial in xj of degree less than q that 
represents the same function on A. 
We now claim that either of our hypotheses imply that the functions fa, 
a e C, are linearly independent over the rationals. The first inequality of the 
theorem will then follow. 
The expression ~ '= 1 e(ai, bi) evaluates the Hamming distance between a
and b. Under hypothesis (i), for a, b ~ C, 
0, if a#b,  
f , (b) = dl d2... ds, if a = b. 
This implies that the functions f , ,  a ~ C, even when restricted to the subset 
C of A n, are linearly independent over the rationals. For if ~a~ C 2 , f ,  is the 
zero function, then 5~a~c2,f,(b) =0 and thus 2b=0 for all be  C. Under 
hypothesis (ii), for a, b ~ C, 
~0 (rood p), if a ~ b, 
f~(b) - (dl d2..-ds (rood p), if a = b. 
We have d I d2.- .  d s ~ 0 (rood p). The functions )ca, a ~ C, restricted to C, 
where they are integer valued, are thus seen to be linearly independent over 
the field of p elements; hence they are linearly independent over the 
rational field. This proves (3). 
Now assume that all a~C have weights in the set {Wl ,W 2 .... ,Wt}. 
Consider the restrictions of the functions f ,  to the set W of elements of A n 
that have weights in {wl,w2,...,wt}. Since C~ W, these restrictions 
are still linearly independent functions. We claim that these restrictions 
lie in the rational span of the restrictions of those monomial functions in 
x~ .... ,x  n to W that involve at least s - t+ l ,  and at most s, of the 
variables xi, each with an exponent between 1 and q -1  inclusive. Once 
this is established, the inequality (4) of the theorem will be proved. 
The argument is particularly simple in the case t= 1, q = 2. Monomial 
functions of n variables x~, when restricted to the set of vectors in {0, 1 }" 
with weight k, satisfy a number of relations of the form 
k=Xl -~ X2Av . . .  -~- Xn  , 
(k -  1)xl = X l (X2Av X3"{ - " ' "  "~- Xn)  , 
(k  - 2) XlX  2 = X lX2(X  3 "]- X 4 -[- " ' '  AV Xn)  , 
etc. The last relation, for example, clearly holds if Xl or x2 is zero, and 
otherwise Xl = x2 = 1 and x3 + x4 + ... + x, = k -  2. Of course, these also 
hold for any permutation of the subscripts. These relations used recur- 
sively, show that monomials that are the products of less than s distinct 
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variables xi are in fact linear combinations over the rationals of monomial 
functions that are the products of exactly s variables x;: a constant function 
can be replaced by a scalar multiple of x l+- . .  +xn;  x; can then be 
replaced by a linear combination of XiXl ,  x ix2 ,  ..., x ix ,  (omitting xixi) ;  
xi x s can then be replaced by a linear combination of xi xj xk's with k ¢ i, j, 
etc. 
For general t and q, we first let 6(x)= e(O, x) be a rational polynomial 
such that 6(0) =0 and fi(i) = 1 for l~<i~<q-  1. For l=0 ,  1 , . . . , s - t ,  let 
(l(x) be the rational polynomial of degree t so that ~l(0)=0, but 
( z (w i - / )= l  for i= l ,  2,...,t; this is where we use the hypothesis 
w~>~s- t+ l. 
Note that as functions on W, 
e l  e2  . . . Xe l  I _ _  e l  e2  . x lx2  -x~x2 . .xe/~(a(X~+l)+a(x~+2)+ ... a(x~)). 
This is surely true if one of xi, 1 <<. i <<. l, is 0, and otherwise the sum 
a(Xt+l) + a(xl+2) + .-- + a(x.) 
is w~- l  for some i. Since neither 6(x) nor ~l(x) has a nonzero constant 
term, we have expressed the function x le x2e2 . X~e (and the argument 
applies as well to the product of powers of any l variables x~) as a linear 
combination of monomial functions each of which is the product of powers 
of at least l + 1, and at most l + t, of the variables x~. As before, if any 
variable x s occurs on the right-hand side above with exponent e s > q -1 ,  
then reduce it modulo 
x j (x j -  1) (x j -2 ) . . .  (xs -q+ 1). 
Inductively, we see that any monomial function on W involving at most 
s -  t variables xi is equal to a linear combination of monomial functions on 
W involving at least s - t + 1, and at most s, variables xi with exponents 
between 1 and q -  1. | 
The case q=2,  t= l  in Theorem5 gives us Theorems 2 and 3 as 
corollaries except in the one instance of p = 2 of Theorem 3. In general, if 
the hypothesis of Theorem 3 holds, the characteristic vectors of the sets 
provide a binary code of length n in which all codewords have weight k 
and all Hamming distances are of the form 2(k - / ) ,  where l is the 
cardinality of the intersection of two sets. If there are s distinct intersection 
cardinalities, then the weight (=k)  is ~>s - t + 1 (=s) .  If I takes on s values 
modulo an odd prime p, then so does 2(k - l). But if p = 2 (and s = 1), all 
Hamming distances are 2 modulo 4. However, our argument can be easily 
modified to prove this one remaining case; just divide f ,  in (5) by 2; i.e., 
replace it with 1 1 n - -  2 ~-.i= 1 e(ai, xi). See Theorem 7 in Section 3. 
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As in [ 3, 4 ], we point out that in the case s = p - 1, we may weaken the 
hypothesis that p be prime. 
TI-IEOREM 6. Let C be a q-ary code of length n. Let p be a prime and let 
o~ be a positive integer. Suppose that the Hamming distance between any two 
distinct members of C is never divisible by p~. Then 
ICl~ ~ (q -1  . 
i=0 
I f  in addition there exists an integer t < p ~ and t integers wl, w2, ..., w,>~ 
s - t  + l so that the weight of any member of C is an element of 
{wl,  w2, ..., w,}, then 
I c l~  < F~ (q - l )  i . 
i=p~--t 
Proof. We note that the polynomial 
(x - l )  (x -1 ) (x -2 ) ' ' ' (x -p~+l )p~- I  - (p--~---]  
has the property that for integers c, 
( c -  1 ) _  {01 (mod p), if c ~ 0 (modp~), 
p~-  1 (rood p), if c = 0 (mod p~). 
This is elementary; see, e.g., Frankl [3, p. 283]. 
For any integer a c A, let e(a, x) be the unique rational polynomial of 
degree < q in the indeterminate x so that 
fO, if b=a, 
e(a,b)= 1, if bCa, 
for all b s A. For a ~ C, define a multivariate polynomial 
f , (x) =f~a, ....... ) (X l '  ""' Xn) :=  ~ i=1 
p~-  1 
Each term of f ,  is a monomial in which at most p~-1  distinct indeter- 
minates xi enter. 
152 NOTE 
The f ,  are integral valued and 
{~ (mod p), if a # b, 
f~(b) - (mod p), if a = b. 
This implies that fa, a E C, are linearly independent over the field of p 
elements. Then they are linearly independent over the rational field. This 
proves the first inequality. 
The proof of the second inequality proceeds as in the proof of 
Theorem 5: Under our hypothesis, the restrictions of the functions f ,  to the 
set W of elements of A n that have weights in {Wl, w2 ..... wt} are still 
linearly independent functions, and these restrictions lie in the rational 
span of the restrictions of those monomial functions in Xl ..... x, to W that 
involve at least s -  t + 1, and at most s, of the variables x e, each with an 
exponent between 1 and q -1  inclusive. I 
3. FURTHER COMMENTS 
We first remark that some further results could be obtained for prime 
power moduli p~. For example, suppose the Hamming distance between 
any two distinct words in C is either - 1 (mod p) or -p  (mod p2) (a total 
of p + 1 residue classes modulo p2). Then 
Iris< Z (q - l )  i • 
i=O 
To prove this, introduce 
f~(x) :=-  1 - e(ai, xi) - e(ai, xi) • 
P i=1 i=1 
It will be seen that fa(a) = 1 while for a v e b in C, fa(b) is always an integer 
divisible by p. The linear independence of the functions follows and the rest 
of the proof is completely analogous to those above. 
We also want to point out that the inequality (3) still holds when 
"Hamming distance" is replaced by "Lee distance"; the Lee distance 
between words a and b is 
n 
lee(a, b)-- ~ min{ lat -b i l ,  q- [a i -b i ]} .  
i= l  
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More generally, (3) holds for any distance function of the form 
dist(a, b) = ~ ei(a~, b~), (6) 
i=1 
where for each i, ei is any function from A x A to a field of characteristic 
0 such that ei(a, a) = 0 for all a E A. (Normally, one would want symmetric 
functions.) For example, if all Hamming distances in a code are divisible by 
pP but not pp+l  for some prime p, one could take "dist" to be Hamming 
distance divided by pP. The proof  we have given for Theorem 5 goes 
through without difficulty when each ei(a, x)  is interpreted as a polynomial 
in x and fa is defined by 
/=1 i=1 
We summarize with the following theorem. Here "weight" continues to be 
interpreted as "Hamming weight." 
THEOREM 7. Let C be a q-ary code o f  length n and let dist be given as 
in (6). Suppose that either (i) there exist dl, d2 ..... d s such that dist(a, b) E 
{dl, d2, ..., ds} for  distinct a, bE C, or (ii) dist(a, b) is integer valued for all 
a, b E C, and there exists a prime p and integers di , d2, ..., ds, none of  which 
is divisible by p, such that dist(a, b) is congruent to some element o f  
{dl, d 2 .... , d~} modulo p for  all distinct a, bE C. Then (3) holds. I f  in addi- 
tion to either condition (i) or (ii) there exists an integer t <~ s and t integers 
wl,  w2 ..... wt >~ s - t + 1, so that the weight o f  any member o f  C is an element 
o f  {wl ,  w2, ..., wt}, then (4) holds. 
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